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COMPARISON OF GRYZINSK! AND BORN CROSS SECTIONS FOR
THE METASTABLE 2s STATE OF ATOMIC HYDROGEN
by Carl F. Monnin and George M. Prok

Lewis Research Center

SUMMARY

Excitation and ionization cross sections for electron scattering in metastable atomic
hydrogen were calculated by the Born approximation and by the semiclassical theory of
Gryzinski. The transitions investigated were excitations from the 2s levelto n = 3,4
and ionization. The energy range of the incident electron was from the threshold to
400 electron volts. In the Gryzinski theory the atomic electrons may be assumed to have
a distribution of velocities or a single, average velocity. In this report, excitation cross
sections calculated with the use of both assumptions are compared with the results of the
Born approximation. The cross section resulting from the velocity distribution agreed
better with the Born approximation than with the cross section resulting from the average
value of the velocity. Since no experimental results are available, the Born approxima-
tion above 200 electron volts is assumed correct. The shapes of the Gryzinski-cross-
section curves are similar to those for the Born approximation over the energy range in-
vestigated.

INTRODUCTION

Many investigators have determined excitation and ionization cross sections for
electron impact in atomic hydrogen (refs. 1 to 14). Most of the theoretical and experi-
mental work has been the determination of cross sections for transitions from the ground
state of hydrogen (refs. 1 to 10). Cross sections for electron impact in excited atomic
hydrogen have been determined by the Born approximation (refs. 11 to 14). References
11 to 14, however, either do not calculate the cross sections of interest or do not carry
them to as high an incident energy as they are carried in this report.

The lifetime of the metastable 2s state, in the absence of collisional and electric
field quenching, is about 2.4 milliseconds (refs. 15 and 16). Because of this relatively



long lifetime, a significant concentration of metastable hydrogen could exist under cer-
tain circumstances. Hence, there is a need for cross sections from the 2s level. The
object of this report was to calculate excitation cross sections of atomic hydrogen from
the 2s to the n = 3,4 levels and to ionization.

The Born approximation and Gryzinski theory were used to calculate inelastic scat-
tering cross sections. The Born approximation was used because it is known to give
correct cross sections for high-energy incident electrons; the Gryzinski theory was used
because of its easy calculation and because of its past agreement for cross sections from
the ground state (ref. 10).

In the Gryzinski model the s -~ s transitions are assumed to take place by electron
exchange (ref. 17). All other transitions are assumed to take place by an excitation
process. Gryzinski developed two relations for excitation cross séctions (refs. 17
and 18). Assuming that the atomic electron has a distribution of velocities leads to a
relation with (In E 2)/E2 behavior at high energies, while assuming that the atomic elec-
tron has a constant average velocity leads to 1/E2 behavior, where E, is the energy
of the incident electron.

The cross sections given by the Born approximation and by the Gryzinski theory are
compared in the energy range of threshold to 400 electron volts. In addition, a compari-
son is made between the two excitation cross sections given by Gryzinski.

THEORY OF SEMICLASSICAL (GRYZINSK!) METHOD

Using classical mechanics, Gryzinski developed a theory giving excitation (refs. 17
and 18) and exchange (ref. 17) cross sections. Gryzinski assumed that s - s transitions
take place only by the exchange process. The exchange cross section is given by equa-
tion (69) of reference 17:
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and

o, = 6.51x1071% (em?)(ev?) (3)

(A list of symbols is given in appendix A.)

All transitions other than s -~ s transitions are assumed to take place by an excita-
tion process. In reference 18 Gryzinski assumed that the velocities of the bound electron
have some mean value. In reference 17 this assumption is not made, and the target
electron has a velocity distribution. The assumption of an average value for velocity of
the target electron leads to the excitation cross section given by equation (26) of refer-
ence 18:
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Averaging the excitation cross section over the velocity distribution of the target electron
leads to the form in equation (7) of reference 17:
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In equations (1) to (6) U, and U _, are the energies of the n and the n+ 1 levels
above the energy of the 2s level. The ionization potential is Ui’ and E1 and E2 are
the kinetic energies of the bound and the incident electrons, respectively.

The excitation cross section Q(Un) is proportional to the probability that the incident
electron will lose an amount of energy greater than or equal to the energy difference be-
tween level n and the initial (2s) level. The cross section for a given transition to level
n is given by

QU U, ;) = QU,) - QU ) (1)

As was pointed out in reference 10, the Gryzinski excitation cross section is for a transi-
tion to a principal quantum level and not to the individual sublevels. The Born approxi-
mation cross sections to all the sublevels of a principal quantum level, with the exception
of the s sublevel, must therefore be summed for comparison with the Gryzinski excita-
tion cross section.

THEORY OF BORN APPROXIMATION
Excitation Cross Section

The first Born approximation is sufficient to determine the cross section for the ex-
citation or ionization of an atom by a fast electron (v e >> &2 /h). The differential cross
section for excitation from the 2s level to a higher excited level n with momentum
change between K and K + dK is given by

3.2
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_ e KdK - =\ % -
I (K)dK = T g l /f V(T, Rjexp(R - RWW,q0(@WS,  (Fld7, drp (8)
h K
where the momentum change is given by
K = l(i;o - k'§1 (9)

in which (kh/ 21r)370 and (k'h/21r)371 are the initial and the final momentum vectors of the
scattered electron, respectively. The wave functions of the 2s level and the higher ex-
cited state are ¥,,,(7) and ¥, (F), respectively. The potential V(T, R) is the
Coulomb potential between the incident electron and the atom. The differential volume
elements of the atomic and the incident electrons are d'rr and d‘rR, respectively.
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The integration of equation (8) is performed in appendix B of this report for a Cou-
lomb potential by using the well-known hydrogen wave functions. The results of the inte-
gration are
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The functions CtS(X) are the Gegenbauer polynomials defined by the generating function

= -t

Z ctxp® = (1 - 2ux + v?) (15)

s=0

If the coefficients of all the Gegenbauer polynomials with a superscript of ¢ + 2 in



equation (5) of Boyd (ref. 12) change sign, the results are the same as equation (10) of
this report. This fact can be demonstrated by making the sign change and performing
algebraic manipulation with the use of the recursion formulas for the Gegenbauer poly-
nomials. Although equation (5) of reference 12 is squared, the cross terms will retain
the incorrect sign. Boyd does not present numerical results with this method; he does
present results based on the use of parabolic coordinates to discrete principal quantum
levels. The numerical results of reference 12 agree well with the equivalent results
given herein.

The total cross section of a transition can be obtained by integrating over the allowed
momentum change:

K .
Qex(K) = f Xy (K)dK (16)
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where
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Ionization Cross Section
The differential cross section for ionization from the 2s level is given by

2
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where K is the momentum of the ejected electron and W":(F) is the Coulomb wave func-
tion of the ejected electron. The solid angle into which the target electron is ejected is
do, and the solid angle into which the incident electron is scattered is dw.

The integration of equation (17) is given in appendix C; the result of the integration
is
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Thus, the total ionization cross section becomes

K
Qon (K ) = /0' “max /K max I(K, k)dK dx (21)
m

in

These results follow from a method given in reference 9 for ionization of atomic hy-
drogen in the ground state.

RESULTS AND DISCUSSION

The calculated results of the 2s - ns transitions are presented in figure 1. The
Gryzinski cross sections are much sharper than the Born cross sections and are
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negligible at incident electron energies above 25 electron volts. Because of the sharp-
ness of the peak and the size of the steps used in the numerical analysis, the maximum
of the cross section may be higher than indicated in figure 1.

The Born approximation cross sections for the 2s - np, 2s - nd, and 2s - 4f tran-
sitions are shown in figure 2. The classical theory of Gryzinski, with'and without the
velocity distribution, was used to obtain composite cross sections for transitions from
the 2s level to higher excited principal quantum levels. The Born approximation cross
sections for all the sublevels of a principal quantum level are summed to obtain a com-
posite cross section which can be compared with that given by the Gryzinski theory. The
composite cross sections are shown in figures 3 and 4 for principal quantum levels 3
and 4, respectively. The Gryzinski theory with the velocity distribution agrees better
with the Born approximation than does the Gryzinski theory which uses an average value
for the velocity.

In figure 5, the 2s — ionization cross section is presented for the Born approxima-
tion and for the classical theory of Gryzinski with and without the velocity distribution.
~ Again, the cross section resulting from the use of the velocity distribution agrees better
with the Born approximation. The cross section resulting from the distribution crosses
the Born approximation at about 20 and again at about 200 electron volts and lies between
the cross sections given by the other theories.

The Born approximation formula for the 2s — ionization transition agrees with that
of Burhop (ref. 11). Boyd (ref. 12), Swan (ref. 13), and Mandl (ref. 14) have also de-
rived the ionization cross section from the 2s level. Because there are misprints in
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these papers, the formula was rederived herein. None of these authors present numeri-
cal calculations for the 2s — ionization transition.

CONCLUDING REMARKS

The Gryzinski exchange theory produces cross sections that peak sharply at low
energies and become negligible above 25 electron volts. The Born approximation gives
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results that are higher than those given by the Gryzinski theory for energies in the range
of a few electron volts above onset energy to 400 electron volts.

For excitation cross sections, better agreement with the Born approximation is ob-
tained when a velocity distribution is assumed for the target electrons in the Gryzinski
theory. At high energies this approximation leads to (In Ez)/E2 behavior, compared
with the l/E2 behavior which results from assuming an average velocity.

Similar results hold for the ionization of the 2s level. In the high-energy range,
where the theories should be valid, the excitation-cross-section formula gives better re-
sults when a velocity distribution of the target electron is used than when an average
value of velocity is used. The main difference is that the Gryzinski theory with the ve-
locity distribution yields results above those of the Born approximation in the intermedi-
ate energy range between 20 and 200 electron volts.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, October 26, 1966,
129-01-05-09-22.
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APPENDIX A

magnitude of momentum
change for exciting colli-
sion, cm"

SYMBOLS
defined by eq. (19) k
Bohr radius, cm
kl
Gegenbauer polynomial de-
fined by eq. (15)
kinetic energy of ejected Kk
electron, eV .
kinetic energy of atomic
electron, eV L2l+1
n+l
'kinetic energy of incident
electron, eV L
Neumann number (1 for n
m = 0; 2 for m #0)
m
electronic charge, esu €
N
hypergeometric function, n/m
Pochhammer notation n
m
defined by eq. (11) P, (x)
defined by eq. (2) Q(Un)
defined by eqs. (5) and (6)
Planck's constant, erg-sec Qe(Un)
defined by eq. (C33)
Born's differential excitation Qx
cross section, cm2
Born's differential ionization Qon
cross section, cm2
R
Bessel function of order p
and argument x
r’ 9’ (p

wave number of incident elec-

tron, cm’ 1

wave number of scattered
electron in exciting colli-
sion, em~1

wave number of ejected elec-
tron in ionizing collision,

cm
Laguerre polynomial
orbital angular momentum
guantum number
magnetic quantum number
mass of electron, g
normalizing factor
principal quantum number
Legendre polynomial
excitation cross section,
Gryzinski, cm2

exchange cross section,
Gryzinski, cm2

excitation cross section, Born
approximation, cm2

ionization cross section, Born
approximation, cm2

magnitude of radius vector of
incident electron, cm

spherical coordinates of
atomic electron

13



I'(x)

6’ 6’ x’w

14

energy levels for 1=0,1,2,3,
respectively

ionization potential, eV
energy of level n, eV
Coulomb potential between

electron and atom,
(e suz)(cm"l)

speed of incident electron,
(cm)(sec'l)

defined by eq. (12)

unit vector in direction of
ejected electron

unit vector in direction of
incident electron

unit vector in direction of
scattered electron

gamma function of argu-
ment x

angles defined in fig. 6
defined in eq. (13)
KnaO/Z

K magnitude of momentum of
ejected electron, em™1

u l/ao, cm™1

. 4 2 o X

o me z" for incident particle,

(em?)(ev?)

do solid angle into which target
electron is ejected

d'rR differential volume element in
coordinate space of bound
electron

d'Tr differential volume element in
coordinate space of incident
electron

v nlm(F )  wave function

II/:(F ) Coulomb wave function

dw solid angle into which incident
electron is scattered

Superscripts:

- vector

*

complex conjugate




APPENDIX B

DERIVATION OF BORN EXCITATION FORMULA

The integral to be evaluated is

32
81re

2
I, (K)K = ' /f VT, Rexp(R - RWygo @, Flar, drg (8)

n

where the potential V(;, R) is the Coulomb potential between the incident electron and
the atom. Because of the orthogonality of the atomic wave functions, the Coulomb inter-
action between the incident electron and the atomic nucleus vanishes.

Substituting the potential and the wave functions into equation (8) gives

3.2
87 m
I, (K)dK = e KdK
4 2
h k
i
| L
exp(1K R) 2r m
2N200anm - )exp(a Pl (cos 6)
Ir - R| 0 o/ \"%0
2
X exp(tnnrp)exp( )Lﬁi '{1 <2r >d'rr drp (B1)
where
3
erllm=(2l+l) (Z-m)1f2\ (n-1-1) (B2)
47 (I + m)! 2n[(n + l)!]3

Integration over the coordinates of the incident electron by the usual method (ref. 19,
p. 163) gives

exp(1K R)d'T -4—e, exp(1K r) (B3)
|r - R| K2
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Expressing the coordinates of the atomic electron as spherical coordinates and sub-
stituting equation (B3) into equation (B1) give

832 © AT 2T
TMe K

I (K)dK =€ KdK |0 4a exp(iKr cos 6) (2 - L \exp(—X-
ex 200"'nim
h4 k2 KZ a, 2a0
o Jo Jo

l
X <—2L> P;n(cos e)exp('ﬂmqo)exp(i) L12112-1<2r >r2 sin 6 de d6 dr (B4)
na na +¢ \na
0 0 (1)
The integral over ¢ is
o 27 for m=0
I 0" exp(+im¢)dg = (B5)
0 0 for m=#0
Because P(l) =P L the integral over 0 is given by
m
Ip= f exp(iKr cos B)Pl (cos 6)sin 6 do (B6)
0
From reference 20 (p. 77),
P, (cos ) = Cll/z(cos 6) (B7)
where Cl/ 2(cos 6) is a Gegenbauer polynomial. From reference 20 (p. 77),
J (Kr)
1, = Var it ZL¥(1/2) (B8)

r

The integral over r becomes
3 (Kr) - l
L+(1 2) <2__ exp( % 2r) exp< )szlizfl(}f_)rz & (BY)

16




An integral is defined:

Itn,1,8) = @ / Tu/mE (2 - 2 t)en]- L e D] H O/ 2L a0
0

2l+1+s
where

5/2

a= (_0> 1 (B11)
2] +k

g=2r (B12)

na

K

£ = ';a 0 (B13)

and [, n, and s are integral constants. Multiplying equation (B10) by uS/(21+ 1 + s)!
and summing on s yield

0 s o | oo s
I(n, 7, shu™ _ - 1241 ) u
22+ 1 + s)! 3h1+s 22+ 1 + s)!
0

8=0 s=0
1+(3/2
% Jl+(1/2)(€§)(2 - ‘—2‘ é)exp[-i m+ 2)]»; +(3/2) @ (B14)

The generating function for the Laguerre polynomial as given by Schiff (ref. 19, p. 85) is

. -exp [—g( u )]
241 u® 1-u

- B15
Z 20+ 1+5(8) 20+ 1+8)! (1 - w22 (B13)

s=0

Combining equations (B14) and (B15) gives

Y In, s’ _ -a N n (0+2) - (n-2)ull,24(3/2) 4
TP (1_u)21+2[ Jz+(1/2)(§§)< §>exp{4|: - ]} ¢

s=0

(B16)
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For the particular value s=n -1 - 1, equations (B9) and (B10) indicate that

on the right side of equation (B16). From reference 20 (p. 32),

v
P (_C_) F(u + v) 9
f exp(-ag)J, (£0)gH 1 ag = 222 oy (B2 B2 vrly, gy L
0 abr( + 1) 2 2 a2

By using the following properties of the hypergeometric function (ref. 20)

abz
c(c +1) 2

2Fl(a,b; c; z)= 2F1(a,b; c+1; z)+ Fl(a +1,b+1; c+2; 2)

2Fl(a’b; c; d) = 2F1(b, a; c; d)
and

2Fl(-n, m; m; -x) = (1 +x)*

equation (B16) can be stated in the following form:

00

Z In,,sh® _ @ 2t(1 -vw)  |H(1/2) (214 21
(22 + 1 + 8)! (1 _u)2l+2 n+2)-(-2u I"(l+%>

s=0

-(1+2
x [ 401 - u) “(5/ 28 o -2 |7
(n+2)-(n-2)u [(n+2)-(n-2)U]
9 9 -(14+2)
+ (214 3) 41 - u) 1ol - v) ‘
2 o2 -2\ [we-0- a0
-(1+3
(20+4)  16¢ (1 16¢%(1 - w? o
@1+3) [(n+2) - 2)“]2 [(n +2)- (- 2)“]2
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Equation (B21) can be written as

o0

E I(n, ¢, s)yu® = B(1-u) [(n+ 2)- (n- 2)u] + C(1 —u)2 D(1 -u)4

2L+ 1+ 8)! 42 1+2 143
s=0 (1 -2Xv+ v2) (1 -2Xv+ v2> (1 -2Xv+ vz)
where

1/2
s=gl@-2% 416 T
(n + 2)2 + 16?;’2

g =1|n%-4+16¢2
€ (n+2)2+ 16§’2

B=

[(n +2)24 16(2]l+2r<z + %)

[(n + 2)2 + 16{2]l+21"<l + %)

p = @238 Y2l D01 4 2)1021 + 4)

[(n + 2)2 + 16(2]l+31"<l + g)

(B22)

(B23)

(B24)

(B25)

(B26)

(B27)

Expanding (1 - 2Xv + v2) in terms of Gegenbauer polynomials, equating coefficients of u,

and recalling that I(n, {, n-7- 1) =1, give
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+2 n-{-1
(nl+n - l)Cn_l_l(X)e

. 023l+(13/2)Cl+(1/2)(2l +2)1(n + )1 {2
r

[(n + 2)2 + 16{2]l+21"<l + g)

-4n(l + l)Cf;*_zl_z(X)en'l'2 +2(nl+n+ 1)cf1+_2l_3(x)e“‘l‘3

2%e2n(1 + 2)
[(n + 2)2 + 16¢

Cl+3 (X)en'l-l _ 4Cl+3 (X)Gn—l-Z
2] n'l-l

n-71-2

+6CES 203 L gk (x)en-iot cfﬂ_s(x)e“'l‘f’]} (B28)

Substituting equations (B5), (B8), and (B28) into equation (6) gives

2459 2
m e g°n 2+ 1)
I (KK = 288+18 ¢ © ~ (epn 129, 1) (-2~ 1) [ ] G2 K

)
0 20+4 3
[(n 2%, 16(2] *

h (n +2)! K32

(10)

where

G=m+n-1ck? x)e" 1 angs k2 (x)ent-2

4,2
+mz+n+ ke ()3 [( 2 Cz)r;(l Z?ﬂ
n+ +

x [Cus (x)e-1-1 4Cfl+3 2(x)€n-l-2 . ecf‘+3 3(X)€n-l—3

n-I-1 -1- -1-
-ack ettt Cgf?_s(x)en'l's] (11)
-1/2
X=@2-44 IGCZ){[(n + 2)2 + IGCZ] [(n - 2)2 + 16C2]} (12)
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[(n - 2)2 + 16{2]

[(n + 2)2 + 16(2]

Kna0
2

e

(13)

(14)
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APPENDIX C

DERIVATION OF BORN IONIZATION FORMULA

The integral to be evaluated is

4112m(23 k' N . pn = T 2
I dkdodw = Y < [/V(r, R)exp[1(ky0 -k yl) . R]wzoo(r )gUK(r )d’Tr d7p| drdodw

(17)

where V(?, ﬁ) is the Coulomb potential between the incident electron and the atomic elec-
tron. The metastable 2s wave function is lp200’ and zp":(F) is the Coulomb wave func-

tion.
- 1 r -r
=—2 (2.2 - C1
¥200(r) - < ao>eXp<2 ao) (C1)
V 0

YE(T) = zin [1 - exg(-zm)]l/z I‘i’(‘f(_i";)) 0 - u'ine'uJo[Z(ixg'u)l/ z]du (C2)
where

"= r(1 + cos ©) (C3)

cos © = cos 0 cos ¥ + sin 6 sin ¥ cos(p - x) (C4)

(The angles X, ©, 6, ¥, and ¢ are shown in fig. 6.)

n (C5)

1
Ka

The momentum change of the incident electron is defined as

Figure 6. - Directions and angles in- ﬁ = kyo = k'yl (CG)

volved in fonizing collision,

and the momentum of the ejected electron is defined as
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V. (€1

where E X is the energy of the atom measured with respect to its ionization limit. The
potential is given by

- 2
V(r,R) = —% (C8)
It - R

Substituting equations (C1), (C2), (C6), and (C8) into equation (17) gives

2 - - 00 N
I dk dodw = o /]_—_L exp(iK - R)(Z - I lexp[=E Yexp(ikr) / u™ M exp(-u)
T - R| 2 \%3g 0

2
X Jo[z(ixg'u)l/ z]du drpdr | dcdodw  (C9)

where
2
m 2,0
3277agh4 [t - in))2 UL - exp(-2m) |k

By the usual method (ref. 19, p. 163), integration over the coordinates of the incident
electron gives

2 — — - -
% exp(iK - R)drg = 27 o2 exp(iK - 1) (C11)
|t - R| K2
Equations (C4) and (C11) are substituted into equation (C9), and parabolic coordinates ¢£,
7, and ¢ are introduced, where
£=r(l + cos 6) (C12)
and -
n =r(l - cos 0) (C13)
Therefore,
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r=§%1 (C14)

2
cos g =51 (C15)
2r
gin 6 = V&1 (C16)
r
dr_ = i’i_z_@ dt dn do (C17)

From reference 20 (p. 21),

0

1 1/2
Jo[z(ixg'u)l/z] = Z €9m 2|:ixg (cos2 %)u] /2 I 2|:im] (sin2 %)u:‘ / cos m(m-@+X)

m=0
(C18)
where ¢ is the Neumann number (80 =1 and & =2 for m= 1, 2,3 ...) Sub-
stituting equations (C10) to (C18) into equation (C9) gives
2 4 0 g00 g0 AT )
IKdeodw=16"ea exp(ix -1 2-£+nexpix-£—+—ﬂ>u'm
x4 2 2a, 2
0 Y0 J0 JO
o0
1/2
X exp(-u)exp|- g+ E €m9m 2[1:(& cosZ ¥ 1{\
4a0 2
m=0
2
2 9\ /2 (£+1)
X J92[ikn <sin —)u] cosm(m - ¢ + x) 21" dp d¢ dn du| dk do dw (C19)
2 4

The integral over ¢ has the form
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27 27 for m=0
/ cosm(m - ¢ + x)do =
0 0 for m# 0

Combining equations (C19) and (C20) and substituting u =1/ a, give

2
<-2 £ L>H
ou a“?..
where

o0 o0 0
H= exp(iKE'n-u£+n+iK‘E+n-uu'm
2 4 2
0 JO0 Y0

1/2 1/2
><J0 2[iK§<COSz 2£>u] / JO 2[1Kn<sin2 ;_p) ] / d§ dn du

From reference 20 (p. 35),

o 2
/ exp(-ht)Jo(2Bt1/2)dt =1 exp<i>
0 A A

Combining equations (C22) and (C23) gives

2
dk do dw

64n4e4

IK dk do dw =
4

o

K

* 2 2 2
K LK%+ k% - 2Kk cos 6
H= 4 uMexpl- 4 5 ujdu
2
_E_.;.Kz-xz—iuk -“—-+K2-K2-i;uc
4 0 4

Integration with respect to u gives

2 -in
L+K2-K2 -iux)
4

H = 4I(1 - in) <
2

1-in
ﬁ_+K2+K2 - 2Kk cose>
4

(C20)

(C21)

(C22)

(C23)

(C24)

(C25)
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With n treated as a constant, equation (C25) is substituted into equation (C21). The first
and second derivatives of equation (C25) are taken, and then the result is simplified by
substituting n = 1/«a; into the equation. Thus,

4 2
12870 €™ '

e K K pdk do dw (C26)

4 4 4 k
ha0 K l-exp-z_”
Ka

IK dx do dw =

where

usz (CO+C1 cos 9+02 cosze+C3 cos36+C4 cos49)

F= 5 - exp|- g-’ii arctan - HK
[—“—2-+(K+K)2:|[EE+(K-K)2J <fiE+K2+K2_2KK cos 9) MT+K2—K2
4 4 4
(c27)
where
Co = A2 +B]

C, = 2(A4A; + ByB,)

_ A2 2
C2 = A1 + B1 + 2(A0A2 + B0B2)

Cy = 2(AA, + B|By)

— a2 2
C4—A2+B2

4
Ao = - _MBK + ZuZchz + 3;12K3 - 2K5 + ZKK4

4, _ u2K3

"
A, =w - 7u2K2k - 4k2i3 + 6Kk - 245

4 2

AZE-u K+ 3u 2

Kk© - 4K3K2 + 4KK4

26




3

BOEuKK
5 3.2 _ 32 4
Blsi‘_-su K® - 2u°k“ + 2uK
8
B2 = 4u,3KK - 4;LK3K + 4uKK3

The solid angle dw is given by

- 2ukK

4

dw = 27 sin 6 d0

Substitution of equations (C27) and (C28) into equation (C26) gives

expl- Eﬂ arctan — MK

| 287T4m2€4
dk do [1, dw = €
n%a |1 - exp(- 2T
0 Ka
0
where
If
and

)
)

(CO + Clx + sz2 + C3x3 + C4x4)dx

A 6
<£4_ + K2 4 K2 - 2ka>

x =cos 6

[\
[\
(2]

[ G,
4

b = -2Kk

(C28)

(C29)

(C30)

(C31)

(C32)
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the integral in equation (C29) becomes

2 C
I—-L 1 1 ((:0'C13+C2§—'C39>+—4 1 1
(a4 b)5 @ - b)? b p2 a (a+ b)5 @a -b)3
2 C
St 1 C,-2C.2_¢c. b \_ "2 1. 1 (C33)
2 4 g\l "2y T3 3 3 3
(a+b)" (a-Db) 5a 3 |[(@+Db)” (a-b)
The solid angle do is given by
do = 27 sin & db (C34)

Making use of the differential form of equation (C7) yields

do = 2 K dK (C35)
kk'
The Bohr radius,
2
ay = _h (C36)
41r2m e2

e

and equations (C33) and (C35) are substituted into equation (C29) to get

Kma.x
I expl|- 2u arctan z—ﬂ————
i E oy K2 - K2
4
1on 2
1 - exp(— > 2 2 9
ka, 4+(K+K) 4+(K K) (C37)
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where

= U
Kmax'k+k
- '
Kmin"k"k
2
87"m
K=q-¥-— 2y
h2
87°m
= e
Kmax kz' 2 U
h

(C38)

(C39)

(C40)

(C41)

and Ui is the energy of ionization. The term Qion represents the total ionization cross
section from the 2s level. This form is the one which Mandl (ref. 14) uses. Others
(refs. 11, 13, and 15) go further and make the substitutions required in equation (C33).
The results of these substitutions agree with those of Burhop (ref. 11) and are as follows:

exp|- 20 arctan ——H* A dK dx

K 2
EZ- + K2 - xz
8
I(K, K)dK dk = —2 7K

2...8
15k“Ka . 5
0 2 2
1 - exp(- 2T HEZ 4 + 02} A 4 (- )2
Kag 14 4

where
5 10 pub 2 9. b .4 4
A= " H_ (47K% + 85k°) + K (25K* + 35K7)
256 256 16
4
+ 1~ (205K8 - 155K%2 - 41k%% + 5545)
8

. 10u2(K2 - x2)2(4K4 K22 - kY. 5(1{2 - K2)4(3K2 + K2)

(18)

(19)
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